Pap and Stajner (Fuzzy Sets Syst. 102:393-415, 1999) investigated a generalized pseudo-convolution of functions based on pseudo-operations. Jang (Fuzzy Sets Syst. 222:45-57, 2013) studied the interval-valued generalized fuzzy integral by using an interval-representable pseudo-multiplication.
Introduction
Many researchers [, , -] have studied the pseudo-integral of measurable multivalued function, for example, the Aumann integral, the fuzzy integral, and the Choquet integral of measurable interval-valued functions, in many different mathematical theories and their applications.
Recently, Jang [] defined the interval-valued generalized fuzzy integral by using an interval-representable pseudo-multiplication and investigated their characterizations. The purpose of this study is to define the interval-valued g-integral represented by its interval-valued generator g and a standard interval-valued g-convolution by means of the corresponding interval-valued g-integral, and to investigate an interval-valued idempotent function with respect to a standard interval-valued g-convolution.
©2014 Jang; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.journalofinequalitiesandapplications.com/content/2014/1/88 This paper is organized in five sections. In Section , we list definitions and some properties of a pseudo-addition, a pseudo-multiplication, a g-integral, and a g-convolution of functions by means of the corresponding g-integral. In Section , we define an interval-representable pseudo-addition, an interval-representable pseudo-multiplication, the interval-valued g-integral represented by its interval-valued generator g, and investigate some characterizations of the interval-valued g-integral. In Section , we define a standard interval-valued g-convolution by means of the corresponding interval-valued gintegral and investigate some basic characterizations of them. In Section , we give a brief summary of results and some conclusions.
Definitions and preliminaries
Let X be a set, A be a σ -algebra of X, and F(X) be a set of all measurable functions f : X − → [, ∞). We introduce a pseudo-addition and a pseudo-multiplication (see [-, , , , , , ]).
is called a pseudoaddition if it satisfies the following axioms:
is called a pseudo-multiplication with respect to ⊕ if it satisfies the following axioms:
, then the pseudo-operations are of the following forms:
and
is called a σ -⊕-measure if it satisfies the following axioms: Let F(X) be the set of all measurable functions f : X − → [, ∞). We introduce the gintegral with respect to a fuzzy measure induced by a pseudo-addition ⊕ and a pseudomultiplication in Remark ..
be a continuous strictly monotone increasing surjection function such that g() =  and f ∈ F(X). The g-integral of f on A is defined by
where dx is related to the Lebesgue measure and the integral on the right-hand side is the Lebesgue integral.
() f is said to be integrable if
Let F * (X) be the set of all integrable functions. Then we obtain some basic properties of the g-integral with respect to a fuzzy measure. 
By Definition .(), (), and the monotonicity of the Lebesgue integral,
() By Definition .() and the additivity of the Lebesgue integral,
() By Definition .() and the linearity of the Lebesgue integral,
By using the g-integral, we define the g-convolution of functions by means of the corre-
Definition . ([])
Let g be the same function as in Theorem ., let ⊕, be the same pseudo-operations as in Remark .
The g-convolution of f and h by means of the g-integral is defined by
Finally, we introduce the following basic characterizations of the g-convolution in [].
Theorem . ([]) If g is the same function as in Theorem ., ⊕, are the same pseudooperations as in Remark
we have
for all t ∈ [, ∞).
Theorem . ([]) If g is the same function as in Theorem
The interval-valued g-integrals
In this section, we consider the intervals, a standard interval-valued pseudo-addition, and a standard interval-valued pseudo-multiplication. Let I(Y ) be the set of all closed intervals (for short, intervals) in Y as follows:
where
, and k ∈ [, ∞), then we define arithmetic, maximum, minimum, order, inclusion, superior, and inferior operations as follows: 
Then ⊕ l and ⊕ r are called the representants of . 
Proof () By the commutativity of ⊕ l and ⊕ r , for any x, y ∈ I([, ∞]), we have
() By the associativity of ⊕ l and ⊕ r , for any x, y, z ∈ I([, ∞]), we have 
By using a standard interval-valued pseudo-addition and a standard interval-valued pseudo-multiplication, we define the interval-valued g-integral represented by its intervalvalued generator g. Definition . Let X be a set, two pseudo-additions ⊕ l and ⊕ r be representants of a standard interval-valued pseudo-addition , and two pseudo-multiplications l and r be representants of a standard interval-valued pseudo-multiplication .
(
) An interval-valued function f : X → I([, ∞)) \ {∅} is said to be measurable if for any open set
() Let g s be a continuous strictly increasing surjective function for s = l, r such that g l ≤ g r , g = [g l , g r ], and g s () =  for s = l, r. The interval-valued g-integral with respect to a fuzzy measure μ of a measurable interval-valued function f = [f l , f r ] is defined by
Let IF(X) be the set of all measurable interval-valued functions and IF * (X) be the set of all integrable interval-valued functions. Then, by Definition ., we directly obtain the following theorem. 
Theorem . If g s is a continuous strictly increasing surjective function for s
Proof By Definition .(),
for s = l, r. By () and Definition ., we have
By the definition of the interval-valued g-integral, we directly obtain the following basic properties. 
Theorem . Let g s be a continuous strictly increasing surjective function for s
for s = l, r. Since g l and g r are strictly monotone increasing,
for s = l, r. By () and Theorem .(),
for s = l, r. By () and Theorem .,
By Theorem .(),
for s = l, r. By () and Theorem .,
for s = l, r. By () and Definition .(), 
An interval-valued g-convolution
In this section, by using the interval-valued g-integral, we define the interval-valued gconvolution of interval-valued functions in IF * (X).
and satisfy the hypotheses of Theorem ., then the interval-valued g-convolution is defined by
From Definition ., we directly obtain some characterization of an interval-valued gconvolution by means of the interval-valued g-integrals.
Theorem . If g, , , and satisfy the hypotheses of Theorem ., then we have
Proof By Definition ., we have
for s = l, r. By Theorem . and (),
From Theorem ., we investigate the commutativity and the associativity of a standard interval-valued g-convolution.
Theorem . If g, , , and satisfy the hypotheses of Theorem . and f , h, and k ∈ IF * (X), then we have 
By (), we have
By Theorem . and (),
Finally, we illustrate the following examples which are related with the interval-valued g-integral and the interval-valued g-convolution as follows.
Example . We give three examples of the interval-valued g-integral.
() If g l (x) = g r (x) = x for all x ∈ [, ∞] are the generators of l , r , ⊕ l , and ⊕ r , and
x, g r (x) = x for all x ∈ [, ∞] are the generators of l , r , and g l (x) = g r (x) = x for all x ∈ [, ∞] are the generators of ⊕ l , ⊕ r , and f (x) = [
for all x ∈ [, ∞), and 
Example . We give an example of the interval-valued g-convolution.
are the generators of l , r , and 
Conclusions
In this paper, we have considered the g-integral represented by its generating g, the pseudo-addition, the pseudo-multiplication (see Definition .). This study was to define the g-convolution by means of the g-integral (see Definition .) and to investigate some characterizations of the g-integral and the commutativity and the associativity of the g-convolution (see Theorems ., ., and .). We also defined the interval-valued g-integral represented by its interval-valued generator g. By using general notions of an interval-representable pseudo-multiplication (see Definition .), we defined an interval-valued g-integral (see Definition .) and investigated some basic characterizations of them (see Theorems ., .).
From Definitions ., ., and Theorems ., ., we defined a standard interval-valued g-convolution (see Definition .). We also investigated some characterizations of a standard interval-valued g-convolution of interval-valued functions by means of the intervalvalued g-integral including commutativity and associativity of an interval-representable convolution (see Theorems ., .).
In the future, we can study various inequalities of the interval-valued g-integral and expect that the standard interval-valued g-convolutions are used (i) to generalize the gLaplace transform, Hamilton-Jacobi equation on the space of functions, such as in nonlinearity and optimization and such as in information theory (see [, , ]); (ii) to generalize the Stolasky-type inequality for the pseudo-integral of functions such as in economics, finance, decision making (see [, ]), etc.
